This paper explores pre-calculus math assessment results from an ongoing longitudinal study of first-year engineering students. The math assessment data was collected for two similar groups prior to entering the first-year program (pre-university) and later at different stages (post and mid-first-year) in the first-year program. Specifically, the goal of this research was to determine if the student scores could elucidate deficiencies in their math skills, and whether or not it might be feasible to use these results to develop interventions to deal with these deficiencies and/or guide instructors in best teaching practices.
Introduction
In recent years there has been an emphasis on reducing attrition rates in engineering programs through the understanding of students' learning needs and through the identification of the underlying deficiencies in their skill sets when they enter university. The literature in this area is extensive. For this research we have focused on a specific area dealing with first-year engineering students and particularly academic predictors associated with pre-engineering math assessment.
There are several articles that have provided valuable insight into the correlation of various parameters associated with engineering success and retention, which in turn have provided the impetus for examining the data for our own first-year engineering students. The focus of the literature review was large scale studies focusing on retention.
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Several authors have conducted studies of learning styles and strategies for success of first year engineering students. Anson et al, 1 through their analysis of approximately 1000 first-year engineering students concluded that SAT math scores and high school GPA were predictive of first year GPA, and that students in the cohort studied did not enter university with productive learning strategies. In a later paper, Bernhold et al. 2 , using the same set of students concluded that "mathematics is the largest stumbling block causing dropout in the freshman year". Both of these articles confirmed the importance of understanding one's own students and established a link between students' readiness to study engineering and retention in the program.
A more extensive literature review provided by Veenstra et al. 3 , highlighted much of the research done prior to 2008. In the review of the literature summarized by Veenstra et al. many of the researchers found that academic success and engineering retention were linked to SAT math scores and other math placement exams as indicated previously. As early as 1988, Levin and Wycoff indicated that high school GPAs and math assessment scores were predictors of first-year GPA. Although the focus of the paper was comparative to non-engineering success, the analysis of the literature and the empirical study conducted by Veenstra et. al provided conclusions that were consistent with the literature: high school grades and SAT math scores were predictive of first-year academic success. Veenstra et al. 4 went even further to construct a model for freshman engineering retention identifying SAT math scores as a significant predictor for academic success, and further illustrated the need to develop models to understand the underlying engineering educational process. The implication of this research was the need for empirical studies to develop these models towards an improved understanding of how to increase first-year engineering retention. The need for further research in these areas was recommended.
All of these research studies have linked success in engineering with a solid understanding of basic mathematics principles, especially in the context of engineering applications. Budny et al. 5 , used data spanning a 28 year period for freshman engineering students in the US, and have confirmed the observed trends that success in engineering is correlated to the students' math skills. They have gone even further to suggest that interventions (additional assistance to students with a higher probability of failure) reduce attrition through improving self-efficacy and skill level in mathematics. Moses et al. 6 , in an article devoted to math readiness and personality, stress the need to examine math readiness to in order to improve retention of first-year students. This study consisted of participation from 129 freshman engineering majors, and used logistic regression as a means of evaluating the data.
Moreover, research in engineering education has indicated that pre-university assessment of "student readiness" might be used to inform best practices in teaching first-year engineering courses. A substantial portion of the literature considered in this paper was devoted to the evaluation of mathematical and other pre-engineering skills of students entering first-year engineering, particularly as predictors of success and retention in engineering.
It can be seen from this literature that several themes have emerged. However, it is quite clear that one of the more pertinent themes is the deficiency in mathematical problem solving skills that has been observed in engineering programs in North America and the United Kingdom 7, 8 . Davis et al. 8 have referred to these observations as the "mathematics problem". It has been suggested that addressing these deficiencies might improve the success rate of students in Page 26.1134.3 engineering programs in general. These deficiencies are being explored for our first-year engineering students through results from our math assessment exams. The data has been analyzed in light of the previous studies considered in the literature review, looking for similar relationships among the various academic predictors. In addition, by examining specific details of the math assessment exam, i.e. the frequency of correct/incorrect responses in light of the question type, one may get a sense of common deficiencies in pre-engineering math skills. The rationale for this investigation comes from one of the principal themes of research in engineering education which seeks to improve "best practices" in teaching engineering through the analysis of data.
Background
The first-year engineering program at MacEwan University is involved in an extensive ongoing longitudinal study (2000 -present) of ways to predict and improve first-year engineering success much like what has been ongoing in the US in the last several years, but in the Canadian context.
In particular, there has been a focus at our institution on examining pre-engineering math skills. Analysis of data from our own program has been published in two previous papers. 9, 10 These studies indicated that the math assessment exam results were extremely consistent from year to year, and that this consistency might be useful in providing information for our instructors in delivering curricula to enhance student success. These observations provided the impetus to extend the research in this area. A further examination of the engineering education literature in light of the objectives of the longitudinal study indicated that we should pursue a more in depth analysis by collecting data in both a pre-university and a post-first-year fashion 11 , specifically for the math assessment exam. For the past two years, data has been collected in this way through a detailed examination of student responses to a twenty question pre-calculus test (math assessment exam) that was administered in our first-year engineering program.
This study focuses on a subset of a current ongoing longitudinal study using two sets of data collected at different points in the students' first year of engineering to monitor their progress. The hypothesis is that these results could be used to make reliable predictions regarding the math deficiencies of students entering first-year engineering, so that interventions could be put in place to address these deficiencies.
Data
The approach taken for this study was to examine math assessment data from the last two years of an ongoing longitudinal study which started in 2000. Up until 2013, the math assessment exams were only administered prior to the start of the program with the intent of providing the students with a formative assessment of their math skills. As the research progressed, the study was extended to collect and analyze more data, as well as delving further into existing data.
It should be noted that the math assessment exam used in this study is not a standardized instrument. SAT scores are not used in admission assessment at our institution, but the students do complete a high school pre-calculus course prior to entering first year, and the math assessment exam is given to students prior to entry into the program. Previous research has Page 26.1134.4
indicated that the results from the math assessment test used in our program have been very consistent for the past fifteen years. The Cronbach's alpha for the test ranged from (0.55-0.69) throughout the time period of the overarching longitudinal study.
Two specific cases are considered in this study. The data for Case 1 was collected in 2013/2014 where the pre-university test was administered before the start of the program, and the post-test was administered at the end of the first-year year. The data for Case 2 was collected in 2014/2015 where the pre-university test was administered before the start of the program and the mid-test was administered midway through first-year.
The sample size in both cases was approximately 200 students for the pre-university test, with a slightly reduced group size due to attrition (approximately170) for both the mid and post-test scenarios. A summary of the results for each case is provided in Table 1 . The data in Table 1 is collated in terms of question number (Q), question type (Type), percent correct for the sample considered both pre, mid and post-test, the number of students that responded correctly for both cases considered and the normalized gain (NGAIN). The normalized gain, used by Hake 11 and discussed at length in a paper by Colletta and Phillips 12 is defined as the change in score divided the maximum possible increase: postscore% prescore% NGAIN 100 prescore%
The question types used in this analysis are based on a classification scheme presented in an earlier paper 10 , which consist of three types: A (algebra), T (trigonometry) and G (geometry). The detailed math assessment exam questions were also provided in the same paper. Colletta and Phillips 12 have indicated that normalized gain is a useful objective measure for comparing pre-test and post-test results, but care must be taken in interpreting the data. An attempt to correlate normalized gains with pre-university response correctness was unsuccessful for both cases considered in this study. Colletta and Phillips have also suggested that a lack of correlation between normalized gain and other quantities does not mean that correlations do not exist. Table 1 have been shaded to show post/mid-test performances of less than 50%. These are math assessment problems where less than half the class responds correctly. Q9 is common to both cases. It is a medium difficulty algebra problem with six solution steps. The question itself is the solution of a quadratic equation with unknown coefficients. Previous research showed that typically less than 30% of the students answered this question correctly each year for the last fourteen years. This is clearly a topic of concern that needs to be addressed, since it shows a lack of problem solving skill.
Several cells in
The trends in the data in Table 1 for both cases are very similar. The overall post/mid-test average increases in both cases. The overall post-test average for Case 2 is lower than Case 1. The post-test average for individual questions are higher than the pre-test averages in all cases but one (Q10). This happens in Case 2 only, where test was administered mid-term. The questions that have overall correct responses lower than 50% are shaded in the post/mid-term scenarios. This was done to illustrate deficiencies that have not been "corrected" as students progressed through their first-year program.
Page 26.1134.5 Table 2 shows a subset of the data shown in Table 1 , with the normalized gain (NGAIN) sorted in descending order based on Case 1, and with an additional question description column. This table more clearly illustrates the connection between question type and normalized gain between pre and post/mid-test results. An examination of the relationship between the two normalized gains gave a correlation coefficient of r = 0.56, which suggests a moderate correlation between the two data sets. The analysis continued with a more detailed treatment of the math assessment questions by classifying them in terms of difficulty and number of solution steps. This new classification scheme is presented in Table 3 . Three difficulty classifications were used. Class 1 numerically classifies questions in order of difficulty from 1-20, with 1 being the easiest. Class 2 assigns categories of difficulty to each question: E (easy), M (medium) and H (hard). The third classification, Class 3 estimates the steps required to solve the problem. It should be noted that all three classification schemes are subjective, and were determined by the researchers.
The next part of the analysis involved exploring relationships that might exist amongst various academic predictors on an individual per student basis. Individual student data was collated for students that participated in the math assessment exams and these results were correlated with high school achievement and first-year GPA. It should be noted that the data set was reduced to 144 students in this analysis, since some of the students had participated in only one testing scenario, and hence the normal gain was not relevant where two exam scores were not available.
In all cases, high school averages were calculated using five courses (MATH 30 (algebra), MATH 31 (calculus), PHYSICS 30, CHEM 30 and ENGL 30). Pearson correlation coefficients were calculated using excel. An example of the type of scatter seen in the data is presented in Figure 1 for high school averages as a function of the math assessment score in percent. The results presented in Figure 1 have a Pearson correlation r = 0.4. For this research the following A summary of these results are presented in Table 4 for various correlation coefficients between the various quantities of interest. The math scores, designated A were correlated with the academic indicators, designated B. For the data analyzed, there were no strong correlations amongst the data. It should be further noted that cumulative GPA for first year was not available in Case 2 -N/A. The data was not analyzed for correlations between the individual high school course marks and the assessment data. To explore the connection between math assessment problem difficulty and the normalized gain achieved during the term, scatter plots were made for normalized gain versus scores for both the mid and post-test results. Three categories were chosen for the number of steps: i) 3-5, ii) 6-8, and iii) 9-11. These results are presented in Figure 2 .
Discussion
The overall averages on the assessment exam increased from 49% to 72% for Case 1 and from 50% to 66% for Case 2: statistically significant in both cases. First, the data for both cases was analyzed using a normal distribution probability plot to determine whether or not the data followed a normal distribution curve. Figure 3 shows the normal probability plot for Case 1 Pretest, showing that the except for some tails at either end of the spectrum, the assumption that the data satisfies a normal distribution is reasonable. The other three scenarios including Case 1 -post-test, and Case 2 pre-test and mid-test were very similar to that shown in Figure 3 . The means for the test cases were then examined using a two sample t-test with different variances Page 26.1134.9
and an ANOVA test. The conclusion reached was that in both cases, the post-test and mid-test means were significantly different than the pre-test values. In an earlier paper, it was shown that the average achievement on the math assessment exam was not consistent with overall high school averages 10 . This was confirmed in the results shown here. The overall high school average for all of the students considered in this study was 80%. In both cases, the pre-university test average was approximately 50%, which is 30% lower.
The average on the post-test (Case 1 -72%) was higher than the average on the mid-test (Case 2 -66%) as expected. The overall performance on the math assessment exam was better in the post-test scenario compared to the mid-test scenario. This suggests that post/mid-test Page 26.1134.10 performance on the math assessment exam was influenced by the courses taken by the students during first-year either for the full year (post) or for one term (mid).
The correct response rate for individual questions was compared for each of the pre and post/mid exam results to determine subject areas where deficiencies continued to exist even after completing first-year math courses. Based on the classification scheme adopted in this analysis, deficiencies were most apparent in problem solving questions and trigonometry and geometry in all of the cases considered. Basic algebra skills improved substantially in both cases, although the degree of improvement was better in Case 1 than Case 2. From these results we would recommend that the first-year curriculum should increase the focus on problem solving strategies, not only in the math courses, but in the other first-year courses as well.
The normalized gain for Case 1 was correlated to the normalized gain for Case 2. There was a strong correlation between these two cases (r = 0.74). Typically, the gains for Case 2 were less than Case 1, but there were four questions where this was not the case: Q3, Q14, Q16, and Q17. Q3 and Q16 were easy questions, and Q14 and Q17 were hard questions. The gain in Q16 is a very large gain compared to the other three. Since this question is strongly algebraic and quite easy, the material was likely covered quite well in the math course given in the first term. The difference in gains for Q14 is likely not significant. Q14 is definitely problematic as the response rate on this question is consistently low (< 40%) from year to year.
The scatter plots shown in Figure 2 can be used to draw some qualitative conclusions. Problems with a low number of steps tend to see less improvement during the first term. Problems with mid and large number of steps tend to see the most improvement. There is little differentiation of problem difficulty and problem score. This was not expected since it was anticipated that there would be a strong correlation between problem difficulty and problem score. It is possible that the subjectivity in the classification scheme for problem difficulty and complexity have influenced the results obtained.
We were not able to find a correlation amongst high school averages, our math assessment scores and first-year GPAs. It is plausible that the math advisory exam may not be a reliable predictor of math readiness of our students, or that the high school grades are not consistent with the students' skills in the various subject areas. Students that enter our first-year program are able to upgrade their high school marks, and these upgraded marks may not necessarily reflect their achievement when compared to those students who do not upgrade.
Summary
We hypothesized that our math assessment exam might have the potential to be a predictor of first-year GPA, much like SAT-math scores in the US are predictors of first-year engineering success. This was not the case. As well, the authors were unable to find a strong correlation between high school marks and first-year GPA. This was unexpected, since high school marks have been noted as predictors of academic success in several US studies of first-year engineering students. Page 26.1134.11
A positive outcome of the study is the statistically significant improvement in the math scores of the first-year engineering students considered in this study; between pre-university and post/midfirst-year. Interestingly, the post-test average is still less than the overall high school average of the students entering first year. Further research is needed to test the validity of our math assessment tool 14 . It might be useful to use a larger sample size in the analysis of the relationships between academic indicators and assessment results. Pre-university test data is available for a period spanning fourteen years.
Recommendations
The results from this study should be shared with mathematics articulation committees that deal with curriculum for the K-12 in schools in our region. Feedback might be useful in addressing the deficiencies seen in the pre-university math testing. The deficiencies in the math post-firstyear testing might be addressed through increased concentration of curriculum particularly in geometry and trigonometry. The information regarding the types of questions that students typically have difficulty with could be shared with other instructors, especially those that each mathematics to the engineering students. Since the test is administered at the very beginning of first-year, this tool can provide feedback to both students and instructors in an attempt to address the weaknesses that the students have prior to studying first-year engineering.
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